It is shown that the classical nonassociative algebras which have an identity element can be defined in terms of congruence relations modulo the base field.
Introduction.
In an earlier note [2] two of the authors have shown that if an algebra A with identity element 1 over a field F satisfies the property that (xy)z -xiyz) £ F ' 1 for all x, y, z in A, then A is an associative algebra.
Here we consider the similar question for the classical nonassociative algebras.
Recall than an alternative algebra is one which satisfies x y -xixy) = yx -iyx)x = 0 for all elements x, y and a (linear)
Jordan algebra is a commutative algebra over a field of characteristic 4 2 which satisfies ixy)x -xiyx ) = 0 for all elements x, y. In our main results we show that if A is an algebra with identity element 1 over a field F such that xy -yx £ F ' 1 and ixy)x -xiyx ) e F ' 1 for all elements x and y, then A is a Jordan algebra. Also if the characteristic of F is not 3 and if xixy) -x y e F ' 1 and iyx)x -yx £ F ' 1 for all elements x and y, then A is an alternative algebra. Similar results for strongly alternative algebras, noncommutative Jordan algebras, and power-associative algebras are established. '
As usual (x, y, z) denotes (xy)z -xiyz) and [x, y] denotes xy -yx.
Wherever convenient we will write a = 0 mod F instead of a £ F • 1. Also, throughout we shall use the term "algebra" to mean a not necessarily associative algebra with identity element 1 over a field F.
Our results depend on the Teichmüller or 5-identity:
x(y, z, w) + ix, y, z)w = (xy, z, w) -ix, yz, w) + (x, y, zw) which holds in any nonassociative ring. We also rely heavily on the ability to linearize identities [3] , [5] and on the linear independence of various elements of our algebra. Thus, we restrict our attention to algebras over fields.
y in A, then 2(x, x, x) = 0 for all x in A.
Proof. The result is trivially true if x £ F ' 1. Assume now that x ft F ' 1. In (x, x , x) = 0 mod F, replace x by x + 1 to yield 2(x, x, x) = 0 mod F. Next, linearize the relation 2(x, x, x) = 0 mod F to get 2(x , x, x) + 2(x, x , x) + 2(x, x, x ) = 0 mod F. Thus 2(x , x, x) + 2(x, x, x ) = 0 mod F. By the 5-identity
Since 2(x, x, x) £ F ' 1 we have Ax(x, x, x) £ F ' 1. But x ¿ F ' 1. Therefore 4(x, x, x) = 0 and so 2(x, x, x) = 0.
Lemma 2. // A is a?? algebra in which (x, x, y) = (y, x, x) = 0 mod F for all x, y in A, then A is flexible.
Proof. Expand (x + y, x + y, x) £ F ' 1 to get (x, y, x) £ F ' 1. Thus Lemma 1 applies.
By the 5-identity we have is in F • 1 so that we have y(x, x , x) + (y, x, x )x = 0 mod F for all x, y in A and by the same argument as before we arrive at (y, x, x ) = 0.
We remark that if F has at least three elements and (y, x, x) = (y, x, x ) = 0 mod F, then the algebra is strongly right alternative. For by the lemma, (y, x, x)= (y, x, x ) = 0 for all x, y in A, and since F has at least three elements, these identities hold in all extensions.
We are now able to prove our first main result. Thus (x , y , x) = -(y , x, x ) -(x, x , y ). Linearization of the hypothesis gives (x , y, z) + 2(xz, y, x) = 0 mod F and thus the right side of the last equation is congruent to 2(x y, x, y) + 2(y, x., xy) mod F. Thus we have (7) (x2, y2, x) = 2(x2y, x, y) + 2(y, x2, xy) mod F for all x, y in A.
Now by (6) again we have 2(x2y, x, y) + 2(y, x2, xy) = 2(x2y, x, y) -2(x2, yx, y) + 2(x2, y, xy).
Therefore, we have
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